In this paper, the Newmark-Beta algorithm is introduced into the finite-difference time-domain (FDTD) method in dispersion media, resulting in an unconditionally stable method for periodic metallic grating analysis. The proposed method eliminates the CourantFriedrich-Levy constraint and improves the simulation efficiency for multiscale problems. The dispersion of the metal, which is caused by the evanescent waves propagating along the interface between the metal and dielectric materials in the visible and near-infrared regions, is solved with a generalized auxiliary differential equation (ADE) technique. The extraordinary optical transmission through a periodic metallic grating with different number and different size of the perpendicular bump is also investigated. Compared with the traditional ADE-FDTD method and ADE alternating-direction-implicit FDTD method, the results from the proposed method show its accuracy and efficiency.
Introduction
The phenomenon of extraordinary optical transmission (EOT) through subwavelength metallic structures has aroused great interest [1] , [2] since the phenomenon in a thick metal film perforated with a 2-D array of subwavelength holes was first observed in 1998 [3] . Many investigations, such as 1-D periodic arrays of slits [4] , [5] and 2-D periodic arrays of holes with different shapes [6] - [8] , have been discussed actively, not only for the rich physical mechanisms, but also for their potential applications in optics and optoelectronics [2] . Though the physical mechanism under the EOT phenomenon remains controversial [3] , [9] , [10] , there are two kinds of transmission resonance theory to explain this phenomenon, namely, the coupled surface plasmon polariton (SPP) resonance and the Fabry-Pérot (FP)-like resonance. However, a third type of resonance in periodic metallic grating structures referred to as phase resonance has been identified and has received much attention in recent years. It is characterized by the splitting of FP-like resonant peak because of a phase reversal of the magnetic field in adjacent slits within each period.
For the analysis of periodic metallic gratings, the finite-difference time-domain (FDTD) method is usually used in simulation due to its easy time-frequency domain transform characteristic. However, as the SPPs are highly localized along the metal-dielectric interface, fine spatial mesh should be used in this interface for high accuracy. This results in an extremely small time step determined by the Courant-Friedrich-Levy (CFL) constraint [11] , causing a heavy computational burden. In recent years, many unconditionally stable FDTD methods have been presented to eliminate the CFL condition and improve computational efficiency. Three typical unconditionally stable methods, i.e., the alternating-direction implicit (ADI) FDTD method [12] - [14] , split-step (SS) FDTD method [15] - [17] , and locally one-dimensional (LOD) FDTD method [18] - [20] , only need to solve a tridiagonal matrix equation during the time-marching calculation. However, the absorbing and periodic boundary conditions in these methods always break down the tridiagonal property of the matrix. Moreover, their numerical dispersion will rapidly degrade as the time step size increases [15] , [21] , [22] . The Crank-Nicolson (CN) FDTD method is another unconditionally stable time-marching method, in which a full time step size in one marching step is used to solve the discretized Maxwell's equations [23] , [24] . Besides, the weighted Laguerre polynomial (WLP) FDTD method is an order-marching scheme and does not discretize the time variable, leading to an unconditionally stable scheme [25] , [26] . Both CN-FDTD and WLP-FDTD need to solve a large banded-sparse matrix equation.
Recently, a new unconditionally stable FDTD method based on the Newmark-Beta algorithm has been proposed for the microwave device simulation [27] . This method, in which the Newmark-Beta algorithm is utilized to discretize the temporal variables and results in an implicit scheme, shows its high efficiency for multiscale problems. Thus far, some frequency-time transform techniques, such as the recursive convolution (RC) [28] , Z transforms [29] , shift operator (SO) [30] , and auxiliary differential equations (ADEs) [31] , [32] , are presented to deal with the frequency-dependent dispersion media in FDTD simulations. The ADE technique, which does not have to deal with the convolution or the Fourier transform, has been widely used for modeling dispersion materials due to its simplicity and flexibility. In this work, the ADE technique is introduced into the Newmark-Beta FDTD method for SPP simulations. At the same time, the reverse Cuthill-Mckee (RCM) technique, which compresses the bandwidth of sparse matrices [33] , is used to perform the lower-upper (LU) decomposition efficiently. With the ADE-Newmark-Beta-FDTD method, the periodic metallic gratings with/without perpendicular bumps are investigated. The numerical examples verify the efficiency and accuracy of the proposed method.
Numerical Formulations
The frequency-dependent permittivity of the metal is expressed by the Drude model for the dielectric response of the metal which is mainly governed by its free electron plasmon
where ω p is the plasma frequency, γ is the absorption coefficient, and ω stands for the operation frequency. For simplicity, a 2-D TM x wave including E x , E y , and H z components is considered without loss of generality. The 2-D Maxwell's equations and auxiliary differential equations in the dispersive metal can be written as
Using the central difference scheme to discretize the spatial derivatives, (3a)-(3e) will be transformed into difference equations. Substituting (3d) into (3a) and (3e) into (3b), the explicit updating expressions of E 
where
and E y n+1 i ,j+
After the magnetic field is obtained by solving the matrix equation from (4a), the electric field components and the current-densities can be calculated in an explicit way.
Since the metallic grating is a periodic structure, the periodic boundary condition (PBC) has to be applied to the simulation. It is assumed that the PBCs lie on the edges of j min and j max along the y-direction and the period is p. According to the Floquet theorem
we have
and the other electromagnetic field components outside the computational region can be solved in a similar way. It is worth noting that the equation in (4a) is a tridiagonal matrix equation which can be solved by the Thomas algorithm efficiently. However, this property is destroyed by the PML and PBC boundary conditions, resulting in a banded-sparse matrix equation with a large bandwidth. Here, in order to solve this matrix equation efficiently, the reverse Cuthill-Mckee (RCM) preconditioning is applied to the lower-upper (LU) decomposition to reduce the bandwidth of the coefficient matrix.
Numerical Results and Discussion
With the proposed ADE-Newmark-Beta-FDTD method, the transmission resonances of the periodic metallic grating structures with sub-wavelength slits are investigated in the visible and near-infrared regions in this section.
The geometric structure of a unit cell of the periodic metallic grating without bumps is shown in Fig. 1 . The calculated region is truncated by the PML conditions on the left and right sides and PBC conditions on the top and bottom sides. A Gaussian pulse is used as the source excitation, which can be written as
with the maximum frequency f max = 430 THz, τ = 1/(2f max ), and t 0 = 3τ. As the SPPs are highly localized along the metal-dielectric interface, fine spatial cells are used near this interface for high accuracy. The metal investigated in this paper is gold and the considered wavelength range is 700 nm to 2500 nm. Hence, its corresponding parameters are ω p = 1.37 × 10 16 rad/s and γ = 4.08 × 10 13 rad/s [34] . To simulate this model effectively, the graded cell size in the y-direction is used. The minimum and maximum cell sizes along the y-direction are 1 nm and 25 nm, respectively, and the cell size along the x-direction is 20 nm. The total cell number in the computational domain is 111 × 68. The traditional ADE-FDTD method, the ADE-ADI-FDTD method, and the proposed ADE-NewmarkBeta-FDTD method are used for this simulation, where t FDTD = min /2/c = 1.6667 × 10 −3 fs is chosen for FDTD according to the CFL constraint, t ADI-FDTD = 5 t FDTD = 8.3333 × 10 −3 fs (CFLN = t ADI-FDTD / t FDTD = 5) and t Newmark = 100 t FDTD = 1.6667 × 10 −1 fs (CFLN = 100) are chosen for ADI-FDTD and Newmark-Beta-FDTD, respectively. Fig. 2 shows the transmission and reflection spectrums of the periodic metallic grating from these three methods. It is clear that the results from FDTD, ADI-FDTD, and Newmark-Beta-FDTD are in good agreement. In addition, the transmission spectrum shows transmission peaks at the wavelengths of 1929 nm, 1287 nm, 974 nm and 778 nm, which correspond to the four waveguide mode resonances [35] , [36] , labeled as N = 2, N = 3, N = 4 and N = 5, respectively. The four waveguide resonances are associated with different standing wave modes of the slit which acts as the Fabry-Pérot (F-P) cavity [37] . Table 1 presents the required computational resources for FDTD, ADI-FDTD with CFLN = 5, and Newmark-Beta-FDTD with CFLN = 50, 80, 100, 120, and 150. Because the large time step in ADI-FDTD leads to large dispersion errors [21] , its CFLN is chosen as 5 in this example. It is worth noting the late-time calculation in ADI-FDTD will not be convergent if its CFLN is larger than 5.
The mean absolute percentage error (MAPE) reveals the computational accuracy of the four resonances wavelengths, which can be written as where λ peak-FDTD is the transmission peaks from FDTD. To ensure the accuracy, the results of Newmark-Beta-FDTD with CFLN = 100 (MAPE < 1%) are chosen in this simulation. Due to the storage of the sparse matrix and LU decomposition, the memory requirement of Newmark-Beta-FDTD is larger than ADI-FDTD and FDTD. However, with the much larger time step beyond the CFL constraint, the CPU time of Newmark-Beta-FDTD can be largely reduced. All calculations in this paper are performed on an Intel i7-4790 3.60-GHz machine with 16-GB RAM. Then the transmission and reflection spectrums of the gratings with perpendicular bumps are investigated. Two grating structures with two bumps (h 1 = 25 nm and h 2 = 0 nm) and with four bumps (h 1 = 25 nm and h 2 = 25 nm) are considered, as shown in Fig. 3 . To simulate the effect of SPPs around the bumps accurately, graded grids are used both in the x-and y-directions. The minimum cell size near the bumps is 1 nm × 0.1 nm. Fig. 4 shows the transmission spectrum with ADE-Newmark-Beta-FDTD. It is observed that the transmission peaks for odd modes (N = 3 and N = 5) in the F-P cavity exhibit a blue shift, while the even modes (N = 2 and N = 4) show a red shift compared with the transmission peaks of the grating without the bumps in Fig. 1 . This transmission behavior can be explained by the following localized waveguide resonance mode [37] . The resonant wavelength of the F-P mode in a smooth slit array can be obtained by 2kL FP +θ = 2Nπ, where k = 2nπ/λ is the wave vector (λ is the wavelength of the Nth order mode, and n is the effective refractive index of the fundamental Bloch mode propagating in the slit), L FP is the length of the cavity, and θ is the total phase reflected at the ends of the slits and a N-dependent value. The existence of perpendicular bumps enlarges the effective length of F-P cavity in even modes resulting in a movement to the greater resonance wavelength. On the contrary, it decreases the effective length of F-P cavity in odd modes. Hence, the resonance wavelength of the odd modes becomes smaller. In addition, the grating with four bumps has a greater impact than that of two bumps on the effective wavelength.
At the same time, the transmission and reflection spectrums of the grating structure with four bumps from FDTD, ADI-FDTD (CFLN = 5), and Newmark-Beta-FDTD (CFLN = 1100) are given in Fig. 5 , It can be seen that the results from the three methods are in quite good agreement. Table 2 presents the required computational resources for the three methods. Similarly, CFLN = 5 is chosen for ADI-FDTD to keep the convergence of the time-domain calculation, while CFLN = 1100 (MAPE < 1%) of Newmark-Beta-FDTD is chosen to guaranteed simulation precision. Since the time step of the Newmark-Beta-FDTD is chosen 1100 times of the FDTD, its CPU time can be reduced to about 1.14% of FDTD. Nevertheless, the memory requirement of Newmark-Beta-FDTD is about four times larger than that of FDTD.
Finally, in order to understand the dependence of resonance wavelength on the bump width, the structures in Fig. 3 (h 1 = 25 nm and h 2 = 25 nm) with different bump widths are investigated. Fig. 6 shows the transmission spectrum of the grating with four bumps from the Newmark-Beta-FDTD method. Similar to Fig. 4 , the transmission peaks for odd modes of the F-P cavity (N = 3 and N = 5) exhibit a blue shift, while the even modes (N = 2 and N = 4) show a red shift compared with the transmission peaks of the grating without bumps. Besides, the offset of the even modes is larger than that of the odd modes because the bumps locate at the place of the even-mode nodes. 
Conclusion
This work introduces the ADE technique to the unconditionally stable Newmark-Beta-FDTD method for periodic metallic grating analysis. The numerical formulation of the method is derived. With the preconditioning RCM technique to the LU decomposition, which is executed only once at the beginning of the calculation, the implicit updated equation can be solved quickly. Compared with the traditional FDTD and ADI-FDTD methods, the accuracy and efficiency of the proposed method are verified with the numerical examples of the periodic metallic grating with different structures. This method is very suitable for the problems involving multiscale grid division, such as photonic gratings, photonic crystals, microwave devices, and antennas. Further application of the proposed method will be studied in our future work.
